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Boundary-layer solutions are given for heat and mass transfer at mobile interfaces. The re-
sults are asymptotically valid for small thermal and material diffusivities, or for short exposure
times. Phase breakup and coalescence are formally included, but Marangoni effects are not.
Effects of rapid mass transfer, chemical reactions, and variable boundary conditions are evalu-
ated. The treatment is u generalization of the penetration and surface-renewal theories.

Presented here is a boundary-layer analysis of heat and
mass transfer at mobile interfaces. The transfer coefficients
are obtained as explicit functions of the transport proper-
ties and surface velocity profiles. The general solutions are
then applied to several specific systems. The results should
facilitate the analysis and improvement of fluid-fluid con-
tacting operations involving bubbles, sprays, jets, and rip-
pling liquid films. The treatment includes the time de-
pendence of the profiles and should thus be valid for
certain turbulent flows as well as laminar ones.

This paper continues the work of Stewart (1) on three-
dimensional boundary layers and extends the work of
Angelo, Lightfoot and Howard (2, 3) on mass transfer at
mobile interfaces. It is an improvement of the penetration
and surface-renewal theories of Higbie (4) and Danck-
werts (5). It provides a geometrical extension of the dif-
fusion calculations of Ilkovic (6) and many others (2, 3, 7
to 21) in which stretching and contracting interfaces were
considered. The latter analyses have clearly demonstrated
the importance of surface stretch effects, and these effects
are included throughout the present treatment.

Reference I may be usefully compared with the present
analysis. There, only rigid interfaces were considered, and
the systems were at steady state as viewed from an inter-
facial particle. Here, deforming interfaces are included,
but the systems are required to be time dependent as
viewed from an interfacial particle. The two treatments
thus deal with separate limiting cases, though the meth-
ods and results are in many ways analogous.

This treatment is based on the energy and continuity
equations (22), rewritten for time dependent boundary
layers. The following boundary-layer approximations are
used:

1. That the conductive and diffusive fluxes are normal
to the nearest interfacial element.

2. That the tangential velocity in the thermal and dif-
fusional layers is essentially that of the nearest interfacial
element.

3. That the thicknesses of these layers are small relative
to the local surface radii of curvature.

4. That the thermal (and diffusional) layers of non-
adjacent interfacial elements do not overlap.

The energy and diffusion equations thus simplified are
asymptotically valid for small contact times or for small
thermal and material diffusivities, « and Dap. The bases
of these approximations are discussed under Equations
(8) through (13).

For simplicity, this discussion is limited to forced-
convection problems, for which separate knowledge or
analysis of the velocity profiles can be assumed. Marangoni
effects (23) and other free-convection flows could be ana-
lyzed under the approximations given above, but the
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equation of motion would then have to be solved simul-
taneously with the energy and continuity equations.

The first two parts of this paper [up to Equation
(17a)] give the basic equations and coordinates. The
third and fourth parts give general solutions for several
types of heat and mass transfer problems. The fifth part
(Examples) gives applications to several representative
flow situations, with and without chemical reaction.

COORDINATES AND VELOCITIES

Consider the transfer of heat and mass between two
fluid phases, one of which may be dispersed in the other.
Our attention is focused on the regions near the interfaces,
where the gradients of temperature and composition are
significant.

It is convenient to analyze the system in coordinates
that move and deform with the interfaces. We use the
coordinates u, w, and y, where y is the distance to the
nearest interfacial element and © and w are surface co-
ordinates of that element. The lines of constant 4 and w
are imbedded in the interfaces, as illustrated in Figure 1,
and move tangentially with the interfacial fluid. For mix-
tures, the tangential motion is the same locally for every
species, within the accuracy of approximation 1.

The geometry of the u, w, y coordinates is defined by

r=r.(u, w,t) + y n(y, w,1) (1)
which gives the instantaneous position vectors r of all
points u, w, y relative to some datum point. The function
r;(u, w, t) gives the trajectory of each interfacial element
in the system at hand, and the related function n(u, w, t)
gives the instantaneous normal vector to each element,
directed into the phase considered. The terms of this equa-
tion are illustrated in Figure 2.

To calculate volumes and interfacial areas in these co-
ordinates, we use the base-vector methods of Wills (24).
The instantaneous volume of the element dudwdy (see
Figure 2) is

dv =g dudwdy (2)

Here \/g is the volume of the parallelepiped formed by
the base vectors dr/du, or/ow and n = dr/dy

o or ]. _ ix; _E)L

Ve = [ ou X ow " l Ju Jw (3)

and varies with u, w, y, and ¢. The second equality in

Equation (3) follows because dr/du and dr/dw are al-

ways normal to n, though not necessarily normal to each

other. The instantaneous area of the interfacial element
dudw (see Figure 2) is

dS = s dudw (4)

Here s is the area of the parallelogram formed by the
tangential base vectors at the interface

Page 771



COMPOSITE
DROP

Fig. 1. Schematic illustration of imbedded coordinates in a simple
coalescence process.

— lim Vg (5)

y¥->0

l or, ors
s =

ou ow
and varies with u, w, and t. Throughout this paper dS
and dudw are regarded as positive quantities.
Fluid velocities V relative to the datum point can be
resolved into two terms as

V=v+(2£> (6)

at u,w,y
where v is the fluid velocity relative to an observer sta-
tioned at (u, w, ), and (9r/9t) 0,y is the velocity of the
observer relative to the datum.
Taking the divergence of Equation (6), we get (see
Appendix A)

dln \/g
2 Ve) ™)
at uw,W,Y

Thus, the fluid expansion rate (v ®V) relative to fixed
coordinates is given by the expansion rate (V ® v) relative
to the u, w, y coordinates, plus the local rate of expansion
of the u, w, y coordinate frame. This last term arises from
the interfacial deformation and is crucial in the present
analysis.

The object of this treatment is to calculate the heat and
mass transfer rates in terms of the area function s(u, w, ¢),
or related experimental information. The evaluation of
s(u, w, t) is illustrated later for several flow systems.

(VeV) = (Vey) + (

BOUNDARY-LAYER EQUATIONS

In this section, the conservation equations are reduced
to boundary-layer form in the u, w, y coordinates. The key
results are given in Equations (15), (17), and (17a).

Energy Equations
Consider the time dependent transport of heat from
mobile interfaces § into a pure fluid of constant density,
heat capacity, and thermal conductivity. The energy equa-
tion
DT V2T (8
Dt )

is to be simplified for small values of the thermal diffusiv-
ity a.

The simplification depends on order-of-magnitude argu-
ments. If the heat transfer is initiated at time £ = O by an
interfacial temperature change AT, then a thermal bound-

ary layer will propagate from $ into the fluid. The local
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boundary-layer thickness 87 at any time ¢ tends to zero
with decreasing «. The temperature derivatives in the y
direction then become predominant, and approximation 1
becomes valid. Approximations 3 and 4 likewise become
valid because of the smallness of 87. The term aV2T in
Equation (8) thereby reduces to «(82T/8y?) yu,t as = 0,
for any finite time ¢, and the boundary layers on different
parts of § (such as the two drops before coalescence in
Figure 1) cease to overlap. The same simplifications also
hold as ¢ -> 0 for any finite value of «.

Approximation 2 demands fuller treatment. We first
write out DT/Dt in the u, w, y, t coordinates:

DT ( oT )

Dt ot

W,y

+ (ve VT)ang + (v e VT)norm
(9)

Expansion of v in powers of y, and use of the no-slip as-
sumption, gives
v(u, w, y,t) =n ve(u, w,t) + y B(u, w, 1) + O(y?)
(1

Here vo(u, w, t) is the fluid velocity into the given phase
due to mass transfer, and the vector B(u, w,t) is the
velocity gradient in the y direction at the interface. The
orders of magnitude of the terms in Equation (9) can
then be estimated in the middle of the thermal boundary

layer:
oT AT
(B -2 w
0t Zuwy t
AT
(v ® VT)iang ~ [87Biang + O(812) 1 - T (12)
AT
(V. VT)normN [UO+8TBy+ 0(8’1'2)] "8—" (13)
T

Here L is a characteristic length of the system, independent
Of ST.

The term (9T/8t) .y is essential for time dependent
problems, and its order of magnitude in the boundary layer
is independent of 87. The other terms will therefore be
measured relative to this one.

The term (v ® VT)un, tends to zero with decreasing 87,
provided that Biang remains finite; this term then vanishes
relative to 97/dt. Approximation 2 thus holds in the limit
as either « > 0 (for finite t) or as t - 0 (for finite «) if
the temperature at (u,w,y) is time dependent. On the
other hand, for flow systems with a steady temperature at
each point (u, w, y), the term (v ® VT),, would be
essential; this case was treated in paper L

The term (v ® VT)p,m contains two potentially signifi-
cant contributions: that of vy and that of B,. The vy con-
tribution has the magnitude voAT/8r and must remain
bounded as 8r—> 0 if 9T/6t is to remain significant. The
B, term is nonvanishing as 87— 0 and must also be re-
tained. The O(872) contribution vanishes as 87— 0 and so
can be neglected.

Equation (9) can thus be simplified, for the problems
considered here, by using just the y component of Equa-
tion (10). The coefficient B, can be found by inserting
Equations (7) and (10) into the continuity equation
(VeV) = 0. With the aid of Equation (5) and approxi-
mation 3, we then obtain

dlns
ot
= U()(u, w, t) - _l/ (v .VS) (14)

as the one needed velocity component in the thermal
boundary layer. The terms vg{u, w, t) and y 8 In s/3t are
the contributions of net mass transfer and of surface stretch,

vy =vo(t, w, t) — y
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respectively.

If the velocities V, = (8r,/8t)yw of the surface ele-
ments are known, the second expression for v, is con-
venient. Note that (V - V,) contains only tangential de-
rivatives, since V;, is independent of y.

At first glance, it may appear that Equation (14) is too
simple. This simplicity is due to the thinness of the ther-
mal layer and to the fact that both y and v are measured
from the nearest surface element. The surfaces themselves
may be in violent motion, as in rippling, splashing, or
coalescence, but for our purposes their motion is ade-
quately characterized by the scalar function s(u, w, t).

With these substitutions, Equation (8) takes the form

aT ( dlns ) aT 9T
—+\vo—y
ot ot

—_—=a
o oy
for thin, time dependent, thermal boundary layers. This
equation is effectively two-dimensional, since the deriva-
tives with respect to u and w have been suppressed. Inte-
gration of this equation at constant 4 and w will give the
thermal history of a given interfacial element and the ad-
joining fluid elements. Integration with respect to  and w
then gives the complete solution, just as integration with
respect to z gave the solutions in paper I

Equations (8) and (15) can be extended to reacting
mixtures, and to dissipative systems, by adding a source

(15)

A
term 8/pC,. This extension is compatible with the bound-
ary-layer analysis, provided that § vanishes at the initial
temperature and composition of the fluid. Other types of
sources, such as radiation, can be handled by making sep-
arate energy analyses for the interior and boundary-layer
regions.
Diffusion Equations
For isothermal binary diffusion with constant p and
Das, the continuity equation of A is
DwA
Dt
when Fick’s first law (22) is assumed. This equation can
be simplified in the same manner as Equation (8) to obtain
Owyg n ( o dlns \ dwa _ %wa
at 0Ty ot oy 42 oy>

in which v, is the y component of the fluid mass average
velocity v at the interface.

= DapV%0s + -2 (16)
P

+2 ar
P

Element of fluid
volume, dV°

§ ¥
S =
N c
By
‘S\u.‘“?"
Daty,
Doinrm

Element of interfacial
area, dS

Fig. 2. Boundary-layer coordinates (u,w,y) showing enlarged element

of area and element of volume. The lines of constant v and w are

imbedded in the interface. The paralielogram dS is tangent to the
interface at the point (u,w,0).

Vol. 16, No. 5

AIChE Journal

Alternate Coordinates
If the coordinates ¢ and y of the boundary-layer system

t
f'o $2(u,w,¥)dt’ and T =
y s(u, w, v) respectively, then Equation (17) becomes

(Za) u(Zes)
or s aT

u,w,Y

are replaced by r =

u,W,T

2wy ) A

= — (17a

Das ( o1 e T (1T0)
which is sometimes easier to solve. Thus, if vy and 74 are
zero, then Equation (17a) looks just like Fick’s second
law, written for a nonflowing semi-infinite system. The
nonflow solutions can then be generalized directly by sub-
stituting = and T for the time and distance coordinates.
The same transformations are applicable to Equation (15).

GENERAL SOLUTIONS

Solutions of Equations (17) and (17a) are given here
for several types of systems. The corresponding results
for heat transfer are also indicated. The geometry and
flow conditions are left arbitrary so that the results can
be applied to various kinds of contacting equipment.

Rapid Mass Transfer into a Nonreacting Phase

A binary fluid, of uniform composition w4., is suddenly
exposed to another phase containing the same two species.
The interfacial composition wag and the flux ratio n40/ng0
of the components are considered known and constant. The
surface elements u,w may be formed at various times
to(u, w). The initial and boundary conditions are:

I1.C.
wa =wa, at y>0 for t=ty(u, w)
(18)
B.C. 1: v
w4 = wa. at y>>3,(u, w) for t=ty(u, w)
(19)
B.C. 2:
wa=ws at y=0 for t=1t3(u, w)
(20)
.0 / —
0.9 //// //,,/”4
08 //
o7 8/
: 7 T
06 —
n 0.5 :
04 | ‘T
0.3
0.2
o.l
0
0O 02 04 06 08 10 12 14 16 18 20

n

Fig. 3. Boundary-layer composition and temperature profiles accord-
ing to Equation (34),
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TabLE 1. DIMENSIONLEss FuNcTIONS FOR HEAT AND MAss TRANSFER DERIVED FrROM EQuaTIoN (35)

@ i (0) R o
+0.00 1.1284 0.0000 1.0000
0.10 1.0575 0.1067 0.9372
0.20 0.9887 0.2282 0.8763
0.30 0.9221 0.3671 0.8172
0.40 0.8576 0.5263 0.7600
0.50 0.7954 0.7093 0.7049
0.60 0.7356 0.9204 0.6519
0.70 0.8782 1.1647 0.6010
0.80 0.6233 1.4483 0.5524
0.90 0.5709 1.7789 0.5059
1.00 0.5211 2.1654 0.4618
1.10 0.4739 2.6191 0.4200
1.20 0.4294 3.1535 0.3805
1.30 0.3875 3.7854 0.3434
1.40 0.3483 4.5356 0.3087
1.50 0.3117 5.4296 0.2763
1.60 0.2778 6.4993 0.2462
1.70 0.2464 7.7845 0.2184
1.80 0.2176 9.3351 0.1928
1.90 0.1912 11.214 0.1694
2.00 0.1672 13.500 0.1482
2.50 0.0790 35.715 0.0700
3.00 0.0324 104.39 0.0287
4.00 0.0035 1302.0 0.0031
o0 0.0 59 0.0
B.C. 3:
n n
AV A y=0 for t=1t(u, w)
Npy Npo
(21)

The last boundary condition can be satisfied by calculating
vy from Fick’s first law
0
Dap —4

v = — % v=o (22)

———————— — a0
Na9 + Npo

and by evaluating the denominator from the constants of
Equations (20) and (21). Equation (17) then takes the
form

9 dwa
aa)A + 4B ay y=0 dlns Jdwa
ot ( Nao > y ot ay
— T WA
Nao + Npo
Rwa
= Dap o (23)

which is to be solved under the conditions of Equations
(18), (19), and (20).

Since the problem contains no characteristic length or
time, we try a combination of variables. A solution is
postulated in the form

WA T WAQ Yy

— o(me); me =t
WAs — @AQ oYt e Solu, w, t)

for times subsequent to the local formation of the interface.
At the instant of contact, the boundary-layer thickness 8,
is zero. With these substitutions, Equations (18) to (20)
are reduced to two boundary conditions

(24), (25)

Oy(0) =1; T,(0) =0 (26), (27)
and Equation (23) reduces to
(040 — wan) 1, (0)

( Nao )
———— — @40
Nap + Npo
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¢ o’ (0) R 9
—0.00 1.1284 —0.0000 1.0000
—0.10 1.2012 —0.0939 1.0645
—0.20 1.2759 —0.1769 1.1307
—0.30 1.3523 —0.2503 1.1985
—0.40 1.4305 —0.3155 1.2678
—0.50 1.5104 —0.3735 1.3385
—0.60 1.5918 —0.4253 1.4107
—0.70 1.6747 —0.4717 1.4841
—0.80 1.7589 —0.5132 1.5588
—0.90 1.8446 —0.5506 1.6347
—1.00 1.9315 —0.5842 1.7117
—1.10 2.0196 —0.6146 1.7898
—1.20 2.1088 —0.6421 1.8689
—1.30 2.1992 —0.6670 1.9490
—1.40 2.2905 —0,6897 2.0299
—1.50 2.3829 —0.7103 2.1118
—1.60 2.4761 —0.7291 2.1944
—1.70 2.5703 —0.7463 2.2778
—1.80 2.6652 —0.7621 2.3620
-—1.90 2.7609 —0.7765 2.4468
—2.00 2.8574 —0.7898 2.5323
—2.50 3.3496 —0.8422 2.9685
—3.00 3.8553 —0.8780 3.4167
—4.00 4.8956 —0.9220 4.3386
— 0 0 —1.0 0

dn, don,
222
T a2 (28)

o (k20
e 252 Dar dat

in which II,/ (0) stands for dil,/dx,, evaluated at y = 0.
Finally, we eliminate the time variable by setting

1 3(s8,)?
=C 29
252 Dap at 0 (29)
(wa0 — ®an) 1,/ (0) = ﬁ___ Cu (30)
( Nag Y ) Das
N0 + Nigo 40

and the combination of variables is complete. Here C, is a
numerical constant and can be chosen arbitrarlly; we
choose Cy = 2 for convenience. The constant C, is a
dimensionless mass transfer rate, introduced to simplify
the integration,

The choice Cy = 2 in Equation (29) leads to the fol-
lowing solution for the boundary-layer thickness:

S—— Y R
Sw—m Das L o) (u, w, ') (31)

0

The dimensionless coordinate %, thus becomes

Mo = J St(u’ ©h (32)
'\/4DAB J;O(u,w) 2(u, w, ¥)dt’
and Equation (28) takes the form
[C — 29, T2 = ETe (33)
dne dn?

Integration with boundary conditions (26) and (27) gives
the dimensionless composition profile

Ny
j; exp(C,Z — Z2)dZ

I, =
J; exp(CuZ — Z2)dZ
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wt(n-ta) ret (L)
= 34
1 + erf (-2—Cm) ( )

and the dimensionless composition gradient at the inter-
face:

1
f: exp(CoZ — Z%)dZ

2 _les
=\/'—’exp( 4 ) (35)

)
1+erf(—2—C‘,,

I,/(0) =

These solutions closely resemble Equations (19) and (20)
of paper I. Some calculated values are displayed in Figure
3 and Table 1.

The composition gradient I1,” (0) can be combined with
Fick’s first law to obtain the diffusion flux at the interface:

d D
fao = — pDas =4 = p_AE'HQI(O) (w40 — ©40)
ay ¥=0 8(,,

(36)
This can also be written in terms of transfer coefficients as

fao = kol (wao — waa) = ko' (00 — w4z} (37)
Here k, is the mass transfer coefficient uncorrected for the
velocity vg, and k" is the mass transfer coefficient with
this correction included. The correction factor 6., given
by I/ (0)\/#/2, is obtainable from Table 1 as a function
of the flux ratio

Co (@40 — ©44)

= =R 38
L,/ (0) ( Nag ) - (%)
————— — a0
Nao + Npo
or of the dimensionless flux
VT a0 + Nio
Cp=————=4¢, 39
5 Co 0 é (39)

The correction factor becomes appreciable when the net
mass flux (n4o + ngo) is appreciable; that is, when ¢, ex-
ceeds about 0.1 in magnitude. These results are generali-
zations of those given by Armold (25) for one-dimensional
systems and summarized in reference 22.

To calculate the mass fluxes nso and ngo for the prob-
lem at hand, one first inserts the given values of wao, wax,
and n,9/ng, into Equation (38) and calculates R,. Then
one can either look up 4, from the table and use Equation
(37), or look up ¢, and use Equation (39). The resulting
flux expression can be combined with the specified value
of (ns9/npy) to obtain both ns and nge. The uncorrected
mass transfer coeflicient &, can be calculated from

2  pDas

Ve 8

if the velocity profiles of the system are known; otherwise
a local on mean value of Ry, may be estimated from a mass

(40)

W
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transfer correlation [see Equations (108) and (109)].

The total rate of diffusion from a finite interfacial region
R(u, w, t) is found by integration of Equation (36) over
the surface. The result is

Wao — wap (Wao -+ Wro)

sz?:n 1,/(0) f@f

§2(u, w, t)dudw

T
\/ J:o(u,w) 2w, w, ¥)dv

= (wa0 — wa=)Vp?Das 1 (0) fpf

= (@40 — ©4a)

0 t
P \/ fto(um §2(u, w, ¥)dt’ dudw (41)

which can be solved for wao or wao when the appropriate
value of wao/wpo is inserted. The right side, with 8/9¢
removed, gives the total mass of A that has diffused into
the fluid from the surface elements currently included in R.

The effects of the interfacial deformation can now be
assessed. According to Equations (31) and (36), the local
diffusion flux from a rigid interface would be

pDap (w0 — wa.) I, (0)
V4D ap[t — to(u, w)]

in agreement with the calculation of Arnold (25). The
effect of the deformation is to multiply this result by a
factor

(42)

(fAO) rigid =

Ya

o (iAO) mobile= [t - tO(“’ w) ]sz(u: w, t)

K= t
(IAo) rigid f
to(’u;w)

2(u, w, ¢)dt’

(43)

which is equal to the current value of s at u, w divided
by its root-mean-square value up to time ¢. Thus, the pene-
tration theory underestimates the mass flux if the surface
continually expands and overestimates it if the surface
continually shrinks. These errors can be very large, as
shown in the examples.

This solution can be rewritten for heat transfer by the
analogies of Table 2. For binary systems, this implies the
neglect of dissipation, thermal expansion, diffusion-thermo
effects, and the small term 3;(ji® V Hi/M;) from the
energy equations of reference 22. The analogous molar
form of the diffusion problem is also included for con-
venience,

Mass Transfer Between Two Nonreacting Phases

The preceding solution can be extended to two-phase
systems by inserting the proper interfacial boundary condi-
tions. The results are valid for small « and Dap in each
phase and negligible interfacial resistance (or resistance
proportional to §,).

Two convenient features here are the constancy of the
calculated interfacial state and the constant ratios of the
boundary-layer thicknesses in the two phases. Thus, for
diffusion in two adjacent binary phases, Equation (31)

gives
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TABLE 2. ANALoOGOUs SuBsTITUTIONst FOR EQuaTioNs (16) To (44) aND (76) T0O (80)

Symbols for Symbols for Symbols for
binary diffusion binary diffusion heat transfer
with constant with constant with constant
A
pand Dap: ¢ and Dyp: 8, Cpand k:
WA X4 T
Das Dan o
pDab ¢ Das l/c\
) c pCp
A
n40 + Ny Nao + Npo (nao + n80)Cp
jao = nao — wao (nao + ngo) Jao* = Nao — xa0 (Nao + Ngo) qo
A
jae = N4a0 — wa. (140 -+ nBo) Ja ¥ = Nao — xa, (Nao + Npo) g0 + (140 + nBo) Cp (T, — To)
w40 — wao (wao + wao) Wao — xa0 (Wao + Who) Q

Wao — w4, (wao + weo)

Wao — x4, (Wao + Who)

A
Q + (wao + wpo) Cp{(T, — Tp)

A
R — (wao — wa,) R — (x40 — x4,) (nao + npo) Cp (To — T,)
= = -
¢ ( n4o ) ( Nao . ) 90
——— w4 —_——ny
nao + npo Nao + Ngo °
A
_ n40 + nBo _ Nao+ Npo _ (na0+ npo) Cp
¢ ko T ke - h
_ kw. 0 — k__c. o he
°®= ko o kz " h
rA RA—xA‘(rI:A‘i'RB) S
v v
1w, N, 80y Co Iz, Nz, az, C. IIr, nr, 6'1', Cr

t The Soret and Dufour effects are neglected here, and q is defined as the conductive heat flux.

8(,)1

/ DI
8‘”1[ DH

for each surface location, and a similar relation is obtained
for heat transfer via Table 2. These thickness ratios are
independent of the position, time, flow conditions, and
geometry of the equipment as long as the boundary-layer
approximations hold. The interfacial temperature and com-
position are similarly independent of the same factors,

As an illustration, consider the transfer of solute A be-
tween immiscible solvents B and C at a given interfacial
temperature and pressure. For comparison with known
results, molar units will be used. The contacting begins
locally at time tp(u, w), with initial compositions x4.! and
xa<T in the two phases (see Figure 4). The interfacial
compositions and transfer rate of A are to be calculated,
with interfacial resistance neglected.

For small mass transfer rates, the interfacial composition
can be found by plotting the equxhbnum locus

(44)

xaol! = f(xa0’) (45)
and the driving force locus for this system
( XA0 — XA )" _ k! ( XA0 — Xaw )I (46)
1 — x40 kA 1— x40

on a phase diagram (see Figure 4 and reference 22).
Evaluation of the ratio k;'/k,!! from the molar analogs of
Equations (40) and (44) gives

(=) -V oo (
(47)

which is shown as the dotted line in Figure 4. The solu-
tion, labeled L on the diagram, can be inserted in the

XA0 — X4o XA0 — XAw

l—on l—xAO
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mass transfer formula

Nao' — xao" (Nao' + Npol) = k! 07 (xa0" — x4.t)
(48)
to compute the solute transfer rate N4qf — Nyo'l. For
consistency with Equations (46) and (47), this calcula-
tion should be made with Ngo! = 0 and 6,/
For higher mass transfer rates, several procedures are
available, One way is to correct Equations (46) and (47)
by introducing the factor 6,1/8," on the right side. The
correction factors can be obtained from Table 1 at esti-
mated values of ¢, and ¢/, Actually, only ¢,/ need be
estimated, since ¢, then follows from the condition N 4o/’
= — Ngaof and the ratio k;/’/k,! used above:

ool = — gl \/ (c? Dag)?!

02 DAC I

The resulting tentative solution for Nuo! can be used to
produce an improved value of ¢/, and if necessary the
calculation cycle can be repeated.

A more direct method is to estimate ¢.7, calculate ¢!
as above, and read out R, and R Y from Table 1. Then
rearrangement of the definition of R, (see Table 2) gives
the following tentative interfacial compositions:

(49)

e ()

xank = N ® \ Nyof + Ngof (50)
A0 1+ R,
Naoll
xAncII + R:c" ('——Ao—_")

Ngo'! -+ Neo'!

onH = (51)
1+ R,

with Ng¢f = 0 and N¢o!f = O for the case at hand. These

compositions can be plotted on the phase diagram for vari-
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ous values of ¢!, as shown in Figure 4, to give a more
accurate locus than Equation (47). The correct interfacial
composition is then found at the intersection with the
equilibrium line (point H in Figure 4); it differs signifi-
cantly from the approximate solution L found earlier.
Finaﬁ,y, the mass transfer rate can be found from the defi-
nition of ¢,

(Nao' + Npol) = k1 ¢! (52)

with a known or predicted value of k! for the given flow
situation.

For dispersed-phase contactors, it is convenient to use a
mass transfer coefficient k.na based on a unit volume of
the system. Then Equation (48) can be replaced by

dWao' — xao' (dWao' + dWgd')
= (kema)! 0, (xa¢' — x24.') AV (53)
and 4,' can be expressed as

_ d(Wao! + Waol)
(kema)! dV

in which the volume element dV is large compared with
the boundary-layer dimensions. The calculation of the
interfacial conditions remains as given above.

Many other two-phase problems, such as nonisothermal
contacting and diffusion controlled reactions, can be han-
dled by variations of these procedures. The interfacial state
will be time independent, as above, provided that no char-
acteristic length, or time constant, appears in the boundary-
layer problem.

éa'

(54)

Absorption with Diffusion Controlied Reaction

Consider the absorption of gas A by a liquid solvent S,
to which a reactive solute B has been added. Species A
and B combine in an instantaneous irreversible reaction
aA + bB — P. The contacting begins locally at iime
to(u, w) as before. We analyze the process according to
Equation (17a), considering the concentrations of A, B
and P to be small and accordingly neglecting vy, We also
use the substitutions pws = Msca and pwp = Mpcp for
comparison with related treatments (26) to (28).

Since A and B react instantly on contact, the reaction is
localized at a moving front y = yr(u, w,t) which sep-
arates the zone containing A from the zone containing B
(see Figure 5). The diffusion equations for the reactants
are

dc, d2c Zone A,
22 D — ( one ) (55)
or 12 0<T<syr
ac 92 Zone B,
9B o D 2B ( one ) (56)
or are T > syr

The homogeneous reaction does not appear in these equa-
tions since it is localized at T = syx.
The initial and boundary conditions are

ILC.: cg=¢Cp., at T>O0 for r=0 (57)
BC.1: ca=cCsp at T=0 for r=0 (58)
B.C.2: ¢4=0 at T=syg for =0 (59)
BC.3: ¢cg=0 at T=syzg for =0 (60)
B.C. 4:
D:s %:—DZS %ﬁ- at T=syg for r=0
(61)
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B.C.5: (62)

Equation (61) expresses the stoichiometric requirement
that @ moles of A consume b moles of B.

Equations (55) to (62) are formally similar to the cor-
responding nonflow problem, which has already been
solved (26, 27). The nonflow solution thus can be applied
to mobile interfaces if it is written in terms of = and T.
This gives the concentration profiles

CB = CB« at T>>8yR fOl‘ =0

rf
LI B (63)
Cao erf 9r
s - erfc 7\/Das/Dss (64)
CBo erfc nr \/Das/Das

in which 9 = T/\/4Dasr = y/84s, and 3,5 is given by &,
of Equation (31) with B replaced by S. Here %z, the value
of n at the reaction zone, is given implicitly by

a4 CBo»
2
o erf 7r exp 7a
Das Das ( Das )
="\/ rf 2 2 65
Das ere \/ Dps e P Dps " (65)

and is thus independent of «, w, and . The depth of zone
A is given by yr = 9r84s and is thus directly proportional
to 845, the boundary-layer thickness that would exist for
absorption of A into the pure solvent.

The instantaneous absorption rate follows from Equa-
tion (63) and FicK’s first law, written for dilute solutions:

] 2 ¢ 1
Nap= — Das 24 | 2 a0 Das

8y |, Vo Sas

(66)
erf nR

The effect of the interfacial deformation is contained in
the expression for 845 and can also be expressed by the
correction factor « of Equation (43). Thus the deformation
has the same relative effect in the presence or absence of
the reaction.

With decreasing initial concentration of B, the reaction
location g tends to infinity, and the rate approaches that
of physical absorption of A by pure S:

2 cao Das
\/‘; das

Thus the addition of species B speeds up the absorption
rate by a factor

NAo(phyS) = (67)

Nao 1

Ha = =
NAo(phys) erf IR

(68)

where Ha is the Hatta number, or reaction factor.

Equation (68) was given for stationary interfaces by
Danckwerts (26) and verified by Sherwood and Pigford
(27). The following limiting cases of this formula are

useful:
N AQ acp if DAS = DBbS
=1+ or 22 o<

NAo(phys) b Cao ';:0— -;1—
(68a)
Nao _ [1 + a g, Dss ] Das
N 4oPhys) b cap Das Dgs
{if CB= >>-b—} (68b)
CAo a
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Danckwerts (26) gave Equation (68a) for the equal dif-
fusivity case, and Sherwood and Pigford (27) verified its
accuracy over the usual range of diffusivity ratios. Equa-
tion (68b) was given by Lightfoot (28), who has also com-
pared these asymptotes with Equation (68) and with other
mass transfer models. It is remarkable that Equation
(68a) coincides with the result obtained by Hatta (29)
from a stagnant film model.

Absorption with First-Order Homogeneous Reaction

Consider the isothermal absorption of gas A by liquid B
in the presence of a homogeneous pseudo first-order reac-
tion A + B — P. The contacting begins locally at time
to(u, w) as before. The concentrations of A and P in the
liquid are assumed to be small, and the interfacial con-
centration of A is assumed constant at cao. Equation (17a)
then gives

% = Dan _Zi;:_ _k S:A (69)
and the initial and boundary conditions are
LC. ca=0 at T>0 for =0 (70)
BC Li cs—> 0 at T— for =0 (71)
B.C.2: ¢4 =cap at T=0 for +=0 (72)

This problem is solvable by setting c4 = Y exp (—ky”'¢)
and by using the Laplace transformation with respect to .
The concentration profile is

s(u, w, t
LA _ ghrrtteum) =t opfe ys(u, w, t)

CAo .\/ 4Das ft ¢

o(u,w)
J‘t1=t
+ ty=tolu,w)
ys(u, w, t)

erfc
t
\ 4Das S o we)ar

The local absorption rate is

Das
Nygo = cao \/
ek’ Ctolu,w) —¢t)

T
\/ s’;o(u,w) s2(u, W, t/)dt,

D t1=t
+ cao \/ i s(u, w, t)
T

ty=tg(u,w)

$2(u, w, ¥')dt

kl//’ekj,"’(t;l—t)

dt, (73)

s(u, w, t)

kll’, ekl,”(tl_t) dtl

\/ f:l 82 (u, w, v)dt’

and the rate of absorption for a surface region R (u, w, t) is

Wao = ca0 \/ -2:3 fgf

$2(u, w, t) ks olww) —t)

t
V S #0007

(74)

dudw

Page 778

AIChE Journal

Das ¢
+ a0 V - ij.sﬂ(u, w, 1) toluw)

kl’” el (t1—1)

—
\/j:l s2(u, w, ¥)d¥

For long exposure times these results become simpler, since
ek (W)=t then goes to zero.

For fast reactions, such that k" (¢t — to(u, w)) >> 1
and ky”” >> 8 In s/t everywhere, Equation (75) gives
the asymptote

Wao = cao VDasky” S(t)

where S(t) is the instantaneous area of the region
R(u, w, t). This relationship has been used by Onda and
co-workers (30) for comparisons of wetted area and inter-
facial area in packed towers.

This case is more complicated than the preceding one,
because the presence of a characteristic time 1/ky”” makes
it impossible to combine y and ¢ into a single coordinate.
Consequently, the effects of the deformation and chemical
reaction do not factor here as they did in Equation (66).

The results found by Danckwerts (26) for absorption
into a stationary semi-infinite medium may be recovered
from Equations (73) to (75) by setting s(u, w,t) =
constant.

dtydudw  (75)

{ky”” > 0} (75a)

Superposition Solutions

The superposition formulas of paper I are paralleled here
with appropriate changes. In addition, we give a solution
for distributed sources which can be used to describe
homogeneous chemical reactions. For simplicity, the net
mass transfer velocity v is considered small.

Prescribed Interfacial Composition or Temperature.
Consider a nonreacting fluid, initially of uniform composi-
tion wa.. The fluid has a constant interfacial composition
equal to wys, until time #(u, w) and a variable interfacial
composition wao(u, w, t) thereafter. The ensuing composi-
tion profile in the fluid may be found by treating
wao(t, w,t) as a summation of step functions and by
superimposing the resulting composition changes calcu-
lated from Equations (32) and (34):
wA(u: w, Yy, t) T WAx

ty=t
= '£1 <tpuay (1~ To) [uwter doao(u, w0, 41)  (76)

The lower limit of integration is taken earlier than
to(u, w) to insure that all changes in wso are included.
Here t; is the time at which the composition change
dwao(u, w, t;) occurs, and 10, is given by Equations (32)
and (34) with C, = 0 and with #,(u, w) replaced by the
dummy variable #;. Superposition of Equations (36) and
(41) in the same manner gives the interfacial diffusion flux
N0 — ®a0(Na0 + Npo)

7D ¢ dwao(u, w, t
=f = s(u, w,7) ‘£<t Cw0) ":_0( ""1"‘“‘)
s 1 (1) U,
\/ J;l s2(u, w, ')dt
(77)

and the total diffusion rate from a surface region R(u, w, t):
Wao — wa-(Wao + Wpo)

= p\/ 4?:8 fﬂf f:1<t0(u,w)
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3
Ei- \ff; s2(u, w, ')A dwso(th, w, t1)dudw  (78)

Finally, the total mass of A that has diffused into the fluid,
from the elements currently in R, is given by the right side
of (78) with 8/3¢ removed.

The bulk flow terms on the left of Equations (77) and
(78) are evaluated, for convenience, at the initial com-
position ws.. This is a satisfactory approximation as long
as vg is small (or, more precisely, as long as |Ra| <<'1
throughout the region considered).

Prescribed Interfacial Flux. Consider a nonreacting fluid,
initially of uniform composition wa.. The interfacial dif-
fusion flux is zero until time #)(u, w) and varies arbitrarily
thereafter. The resulting composition profile, which satis-
fies Equation (17) with vo = 0, is

1 ty=t
(04 — ©40) =

p WDAB ty=1o(u,w)

exp (= 7°?)
\/—I: s2(u, w, ¢)d¢’

Here f4. is the modified diffusion flux used in Equation
(77), and »* is given by Equation (32) with to(u, w)
replaced by the dummy variable #;. This solution is ob-
tained by paralleling Equations (28) to (39) of paper I.
It should be useful for analyzing interfacial reactions,
particularly in dropping mercury electrode measurements.
Prescribed Sources in the Fluid. Consider a system in
which species A is confined to one phase, initially at uni-
form composition wa.. Beginning at time #(u, w), species
A is produced by homogeneous chemical reaction at a
variable rate r4(u,w,y,t). The resulting composition
profile, which satisfies Equation (17) with vg = 0, is

jae(u, w, t1)s(u, w, t1)dt; (79)

1 ty=t Y=

oV4r Dan

(04 — 04e) =

t =tg(u,w0) yp1=0

e~ (m—m) L o—(ntuy)2

Tt
\/ftlsz(u, w, ¢)dt

ral{u, w, yy, t1)

s(u, w, ty)dyydty  (80)

Here v and ; are evaluated from Equation (32) at y and
Y1, respectively, with t,(u, w) replaced both times by ¢,
and y, and ¢, are dummy variables. This solution can be
added to Equation (79) to describe systems with simul-
taneous mass transfer and homogeneous chemical reaction,

These superposition solutions can all be rewritten for
heat transfer by the substitutions of Table 2. Equations
(78) to (79) can also be rewritten in molar units, and
Equation (80) can be so rewritten if (R4 + Rg) vanishes.

EXTERNALLY STEADY SOLUTIONS

Some systems, although time dependent in the «, w, y
coordinates, appear steady in some external coordinate
frame. Laminar jets, for example, are usually regarded as
steady flows in fixed coordinates, and certain wave motions
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0.8

0.6 4
I ( I I
Xa (ggﬁlr‘?::‘rr:utf Xpp 1 %A = (0.4, 0.5)
04 §
0.2 .
O L] ! H 1
o 0.2 04 0.6 0.8 1.0

I
Xa
Fig. 4. Calculation of interfacial composition for an extraction
problem with (c2Dap)! = (c2Dac)!l. The approximate solution L
is from Bquations (45) and (47). The correct solution H is from
Equations (45), (49) to (51), and Table 1.

become stationary when viewed from moving axes. When
dealing with such externally steady systems, one can sim-
plify the general solutions by the substitutions described
below. The external coordinates are treated as nondeform-
ing throughout.

In externally steady motion, the streamlines and particle
trajectories coincide, and the positions of these lines rela-
tive to the external coordinates are fixed. We may then
identify the surface streamlines as lines of constant u. The
surface elements on each streamline may be distinguished
by their time of arrival at some chosen point. We choose
this time, t,, as the w coordinate.

In these coordinates, the surface element (u,?,) leads
the neighboring element (u, f, + At;) by a constant time
interval Af, across each fixed point on their common path.
The distance between the two elements at any time is
given by (9r,/dt,)At, = — VAte, where Vi is the local
velocity of the surface elements relative to the external
coordinates. Thus, Equation (6) gives

_ Ve
Vel

org
ou
when the coordinates u and w are chosen as above. The
second expression for s is the simpler, since 1/}Vu| is just
the infinitesimal distance between two streamlines ¥ and
u + Au divided by the infinitesimal increment |au].

For external coordinates, we choose u, y, and [, where [
is the arc length along the streamline from some reference
point. Then, for any surface element (v, t4), the variables
t and [ are related as

X Vs (81)

§ =

(82)

tant
smamy [ )

whereas on a given streamline u, at any time ¢, the vari-
ables w and ! are related as

dw = dty = — dl/V,(u, 1) { constant } (83)

u and ¢

The variables ¢ and w can thus be eliminated in favor of
I, and the surface velocity can be handled as a function of
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Fig. 5. Typical snapshot of profiles in gas absorption with diffusion
controlled reaction.

u and ! rather than u, w, and ¢.

Now consider the application of Equation (41) to an
externally steady system, with the transfer surface extend-
ing streamwise from ! = 0 to | = L(u) and laterally from
u; to uyy. Insertion of Equations (81) to (83) gives

wao — wao(Wao + Wao)

D
= (w10 — ©4.) £ 4AB 1L/ (0)
[ Lo/ w vy
u 0 "t
' V  wavaram,

urr

= (w40 — @ao) Vp?Das I,(0) f

uy
\/ fL(u) v,
0 (Vu)?

when duduw is considered positive as in Equation (4). This
result is a generalization of the steady state formulas of
Levich (8), Baird and Hamielec (I12), and Beek and
Kramers (13).

In the presence of a first-order homogeneous reaction of
A, the mass transfer rate is given by Equation (75). Re-
duction to steady state form via Equations (81) to (83)
gives

Wao = Cao \/?f j::u J’(’)L(m
ep f -

Ve(u, )
wt \/fo‘ (;’;)2

+ Das f“ll f’“(“’ Vs
N T o oy

k 1/// dl/

kl’/ f’l
P A TV ) dididu

L 1
J:’ \/j‘l Vs Vslu, ly) (83)
1 (Vu)?

dl du (84)

U,

Vs
(Vu)?

dldu

dr
u,l’

u,l

4

u,l’
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Here, as in Equation (75), the first exponential term goes
to zero at long times of exposure of the imbedded surface
elements. Thus it will vanish in the externally steady state
on any streamline that starts from a point of zero velocity
(stagnation point) within the mass transfer region. Exam-
ples 3 and 4 illustrate this simplification.

The other general solutions can be specialized to exter-
nally steady systems by the same substitutions.

EXAMPLES

The foregoing solutions hold for arbitrary hydrodynam-
ics. Here some simple systems are analyzed to show how
the hydrodynamics is specified.

Absorption from a Growing Bubble

Consider the absorption of gas A from a growing bubble
formed by injection of A into a nonvolatile liquid B. The
interfacial mole fraction of A in the liquid is constant. The
coordinates u and w may be identified with the spherical
coordinates 6 and ¢; the element of area is then given by

or x or
00 9

dS = deds

= R2sind dfde (86)

where R is the instantaneous radius of the bubble. Thus
$(6, ¢, t) = [R(t)]?sind (87)

Substitution in Equations (31) and (41) then gives the
instantaneous boundary-layer thickness

By = \/49 §° tRe(e)sing1? dv
" R2(1) sind o o

-\ 10w J, [%‘%]4 dr (88)

and the instantaneous absorption rate

wA0

Wag = 14 DAB II'@(O)
1 — wag

2 T F:] [3 .
D) 792\/ S Re(v) sine v dodg
WAQ 27734(”
= I———- pVDas I, (0) — (89)

T ea \/ fo RL(¥) d¥

These results hold for any integrable function R(#) as
long as 8, << R(t); see approximation 3.

The interfacial deformation is quite important here.
Thus, in the case of constant volumetric growth rate, en-
countered in dropping mercury polarography, the deforma-
tion increases the mass transfer rate at given R and t by
more than 509%.

Special cases of this problem have been solved by
Ilkovic (6) and by Beek and Kramers (13). The polaro-
graphic case R(t) ~ /3 has been analyzed further by
perturbation methods (8, 31, 32) to obtain a correction
for the interfacial curvature. The correction increases wao
by a factor [1 + 0.76(8./R)], which may be used tenta-
tively [with 1/R replaced by — % (V e n)] to estimate
the effect of curvature on interfacial fluxes in other geome-
tries.
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Fig. 6. Absorption from a circulating bubble. The dotted line indicates
the shape of the diffusional boundary layer.

Absorption from a Circulating Bubble

Gas A is being absorbed from a freely circulating spheri-
cal bubble of gas A rising in creeping flow through a solu-
tion of A in nonvolatile liquid B. The absorption rate is to
be calculated in the externally pseudo steady state which
sets in after a short exposure time.

The external coordinates are measured from the center
of the bubble, and the coordinates u and ! of Equation
(84) are chosen as ¢ and R, respectively (see Figure 6).
The geometry of the coordinates gives |Vu|~! = Rsind,
and the analyses of Rybczynski (33) and Hadamard (34)
give the surface velocity relative to the bubble:

Vs = (90)
Substitution into Equation (84) gives the absorption rate

‘max Sin@

(mAO - wAm)

Wy = pVDar I,(0)

(1 - “’AO)
2 T
1) \/ . Vinas B2 sivs6(RA0) dg
(“’AO - ‘DA:) I Viax
= — ’ 2 —_
1o pVDap Iy (0) 4r R \/ 3 R
(91)

Vol. 16, No. 5

AIChE Journal

When the solubility wao is small, so that R, — 0 and

1, (0) = 2//, this equation reduces to the result given
by Levich (8). The range of application of Levich’s re-
sult is discussed by several authors (13, 16, 35, 36, 37).

If the absorption occurs from a gas mixture instead of
the pure gas A, then Equation (91) can be applied to
calculate the diffusion in each phase. However, in that case
the result is limited to shorter exposure times, since the
resulting internal boundary layer flows inward from the
separation point and soon reaches the front of the drop
(see Figure 7). An improved analysis of this situation has
recently been made by Taunton and Lightfoot (38).

The diffusional analyses of Baird and Hamielec (12),
Redfield and Houghton (16), Winnikow (18), and Cheh
and Tobias (20), for circulating bubbles in noncreeping
flow, may all be obtained from Equation (84) by inserting
the appropriate expressions for |Vu| and V.

The penetration and surface-renewal theories fail com-
pletely for this system, since the exposure time of the sur-
face elements is unlimited. The surface elements are not
renewed but are simply stretched out from the front of the
sphere and crowded in at the rear. Thus these earlier
theories, which ignore the changes in size of the surface

Direction of
approaching
flow

Stagnation
point

Separation
point

Fig. 7. Internal boundary layer in absorption from a circulating bub-
ble of mixed gases. The boundary layer will start to overlap itself
when the bulge in the lower part nears the stagnation point.
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elements, fail to predict the pseudo steady behavior ex-
hibited by Equation (91) and by experiments (16, 35,
37, 39).

Steady Absorption Near Stagnation Loci

Consider the absorption of gas A in pure liquid B, near
an axial stagnation point (such as the front of a bubble
or drop) in a steady axially symmetric flow. The rate of
absorption is to be calculated for a region of radius R
around the stagnation point (see Figure 8), with and with-
out first-order reaction of the solute A,

The surface streamlines are given by 2 = 0, § = u in
cylindrical polar coordinates. The surface velocity is V,
= or, where v is a constant for the system. In addition,
|Vu| = 1/r and I = r. Substitution into the molar analogue
of Equation (84) gives the rate of absorption without
reaction:

WAo(phys)
xAO 2T R
= &mﬂmJJVlwwww
1 — x40
XA0 U
= VEDas W4(0) oy (vR?) (92)
1 — x40

The interfacial flux Ngo here is uniform and equal to
Wao/7R2,

The rate of absorption with reaction is obtained from
Equation (85):

Wao = Cao \/ ‘%B—j:w I,RW J:

ki exp ‘£1 =k dr dridrdf

klnf 1
e Tt tlg
= Cao %y Das (=R?) ?
- ‘kl,” 1

(L4 7)
(93)

The first integral in Equation (85) vanishes here because
the streamlines all come from a stagnation point within
the mass transfer region. Here again, Nyo is uniform over
the region.

For dilute solutions (small x40), the ratio of the ab-
sorption rates with and without reaction is

(G+1):(3)
r{—+1)1{ —
Wao 4y 2
(phys) [z
Wao T ( . 1 )
4y 2

and is plotted in Figure 9. For small values of k,"’/y the
reaction factor Ha approaches unity, and for large values
it approaches \/wky’'/4y.

A stagnation line in two-dimensional flow, with V, = vl
can be similarly treated to give

Ha= (94)

B XA0
NAO(p YS) oo o

V¢ Dap W:(0) \/ ;;,‘ (95)

in the absence of reaction and

1—-on
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K .
Nao = Cap \/—mB_ r(—;T+ 1) r(_2_)

1r ( k" 1 )
r{ — + =
2y 2
(96)
for first-order reaction with small x49. The reaction factor

for this case is
kl/ll ) ( 1 )
r(2 1) o (2
Na 2y + 2

Ha = =
NAo(phys) ( kllll 1 )
r

2y + 2
and is similar to the axially symmetric solution as indicated
in Figure 9.

Chan (40) has solved Equation (16) exactly for non-
reactive absorption beginning at time £, in two-dimensional
inviscid stagnation flow. His result agrees with that ob-
tained from Equations (31) and (36) at the small mass
transfer rates which he considered. This agreement is to
be expected, since approximations 1 to 4 are exact for his
flow system. At long exposure times, say y(f — to) > 4,
the absorption attains the steady rate given in Equation
(95).

Laminar Jets and Other Axisymmetric Flows

Gas A is being absorbed by an axisymmetric laminar jet
of nonvolatile solvent B of total interfacial length L. The
interfacial composition x4¢ is constant, and the system is
externally steady. The absorption rate is to be evaluated,
with and without first-order liquid-phase reaction.

The coordinate # may be identified with the angle
around the axis of the jet, and the coordinate I may be mea-
sured downstream from the exit of the nozzle. The geom-
etry then gives |Vu|~! = R (l), where R;(l) is the local
radius of the jet. Both Rs(I) and V,(l) can be predicted
from the calculations of Duda and Vrentas (41). Substitu-
tion in the molar analogue of Equation (84), and integra-
tion from 8 = 0 to 2w, gives the absorption rate without
chemical reaction:

V c? DAB n,:c(o)

XA0

Wao =

1 — x40

2n \/ J vany rey av (98)

For small values of x40, this corresponds to Equation (53)
of Duda and Vrentas (21) (who made the accurate ap-
proximation of replacing V and dl by their axial projec-
tions). The result of Cullen and Davidson (9), for the
case of flat velocity profiles in each cross section of the
jet, is likewise confirmed. The solution given by Scriven
and Pigford (I1) is less accurate, because their Equations
(10) to (31) neglect the change of Ry with L

Substitution in Equation (85) gives the absorption rate
in the presence of a first-order reaction:

D
Wao = Cao -\/ :B (2m)

Jor 1 kl'" dl’
S vma f— P T V) _dudl
stls™ |l -
0 0 N AN
\/ j:l VR2|p dl
(99)
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The first integral in Equation (85) drops out because the
surface streamlines start from zero velocity at the tip of
the nozzle. This solution can be used to determine dif-
fusivities and reaction rate constants from laminar jet
experiments.

Other steady axisymmetric flows can be handled in the
same manner, with [ defined as the distance along the
streamlines from the start of the transfer region. The func-
tion 1/|Vu| can be taken as the distance R, from the inter-
face to the axis of symmetry of the flow. Equations (84)
and (85) can then be applied for any specified functions
V(1) and R,(1).

Absorption in a Large Eddy

Fortescue and Pearson (19) have obtained a useful
description of turbulent absorption by solving the diffusion
equation numerically for a regular array of eddies (see
Figure 10). The boundary-layer analysis given here leads
to similar results. Pseudo steady conditions will be as-
sumed, and recirculation of solute to the surface will be
neglected.

Consider the interfacial region 0 < 2z < b, 0 < x < A,
which permanently overlies a single eddy. The external
coordinates are taken as u = z and [ = «; hence, |[Vu| = L.
The velocity relative to these coordinates is taken as

X
Vs = Viax sin —
A

(100)

Streamlines of
approaching fluid

Gas A

Portion of
fluid- flud
interface

y

Stagnation
point

Liquid B

Fig. 8. Gas absorption near an axisymmetric stagnation point.
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Equation (94)

REACTION FACTOR, Ha
N

r or (97)
". Asymptote
Ha= /7YX
/
/
| L I S S R A ! L L
0.1 02 0304 060810 2 3 4 5

REACTION SEVERITY, X

Fig. 9. Effect of first-order reaction on absorption rate. The quantity
X is given by ki”’/4v for axisymmetric stognation flows and by
ky"’/2v for stagnation flows parallel to a plane. The curve can be

approximated within 2% by the simple expression Ha == /1 4+ aX.

in accordance with Equation (5) of Fortescue and Pear-
son. With these substitutions, Equation (84) gives (in
molar units)

Wao — xa0(Wao + Wao)
= (xg0 — %a.) V% Dap I;(0)

NI v

02 max
o)V E EBETE ) o
(101)

as the rate of diffusion of species A into the eddy. The mass
transfer coefficient for small mass transfer rates (at which

,(0) — 2/\/7) thus becomes
[ 2\/5-\/ €? Dap Vimax
rm T - A

(102)

and if we set Vpax = 2V/v,2, in accordance with Equa-
tion (6) of reference 19, we get:

4 0.2
k:cm. =-— ——'—————"02 DAZ\/U (103)

Fortescue and Pearson obtained a comparable result but
with a coefficient of 1.46 in place of 4/#. Equation (103)
appears to agree better with their measurements.

Dimensional Analysis of Forced Convection Systems

In most practical flow systems the detailed velocity field
is not known. However, one can still make a dimensional
analysis and write the velocity profile symbolically as

r o°t
V/DD =V“ (f, _L_, NRe; NWG: L ) (104)
Here v° is a characteristic velocity, L is a characteristic
length, and Ng., Nwe, etc., are the dimensionless groups
needed to specify the flow conditions of the system.
Insertion of Equation (104) into the boundary-layer
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Direction of main flow
—_—

ypmmmmr
-

Fig. 10. Flow in an open channel with a regular pattern of eddies.
The eddies move downstream with the main flow.

solutions will give the concentration and temperature pro-
files and the transfer coefficients. Thus, in Equation (41)
we make the substitution
; v°t

2 (u, w, t) = LY{ u, w, T Nre, Nwe, ... (105)
Here f is a function derivable from the V* function, and
u and w are regarded as dimensionless coordinates. The
last integral in Equation (41) then becomes

mf@f i \/ J;;(u)w) flu, w, ¢, ... )dt* dudw

at®
— \/O°L3 F(t°, Npe, Nwe, ...)  (106)

in which t* = v°t/L. The mass transfer rates for the
region R then must satisfy

wao — wao{wao + wpo)

= (wa0 — 01,) W6 (0) \/p? DaplPv® F(t*, Nre, Nwe, - - - )
(107)

The surface-average Sherwood number may be defined at
small mass transfer rates as

kowmLs
p Dag p Dan

fon — wao(Wao + wao)) L
1 L*(wao — @1.)

Nsp = (108)

in which k.. is based on the characteristic area L2 Then,
Equation (107) can be rewritten as follows for small mass
transfer rates:

2
Nsw \/ Das _ 2 F(*, Nre, Nwes - ..)  (109)

v°L o

For high net mass transfer rates, this result should be cor-
rected by use of Table 2.

The function F remains to be found experimentally by

measuring Ngi \/Dap/v°L as a function of (%, Nr., Nw,
...). If the system is steady or pseudo steady, then the
dependence on t* can be suppressed. Note that F does
not depend on Dap; this prediction comes from the
boundary-layer analysis and should be correct as long as
Dap is small enough to justify approximations 1 to 4.
Equation (109) agrees well with liquid-phase measure-
ments in gas absorbers (27, 30) and in liquid-liquid ex-
tractors (2, 42, 43). Its suitability for the gas phase in
packed towers is in doubt because of the higher diffusivi-
ties and larger velocity gradients that arise there.
Equation (109) can also be used to predict N4y for
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the case of absorption with rapid irreversible reaction.
Then, multiplication by the reaction factor Ha [see Equa-
tions (68) and (68b)] gives the absorption rate corrected
for the reaction.

For absorption with first-order reaction, the results are
not so simple. Insertion of Equation (104) into Equation
(75), and reduction to dimensionless form as above, gives

N k"L

NSh\/ 22 =G( = yt°’NRG’NWB,"' )
v°L v°

(110)

Here G is another integral function, obtainable experi-
mentally by measuring the quantities on the left. The pres-
ence of a rate constant here gives rise to an additional
dimensionless group, the first Damkéhler number, ky””L/
v°. This group must be studied experimentally along with
the rest, though an approximate factorization might be
achieved by using the Ha function of Equation (4), with y
treated as an adjustable function of the flow conditions.

For enclosed flows, particularly in packed or staged
equipment, it should be satisfactory to replace the initial
composition wa. by the bulk composition wsp in the given
cross section, or at some reference cross section. Then, Ng;,
can be correspondingly defined for a cross section or for a
larger region of the equipment.

DISCUSSION

The results given here, and in paper I, describe two
limiting cases of forced convection behavior. Systems
which are steady when viewed from the interface (paper
I) give Nyu ~ Np2/3 at high Np,, whereas systems that
are unsteady when so viewed (this paper) give Ny, ~
Np /2 Many flow systems can be classified into one or
the other category, and the appropriate theory can then
be applied as a means of prediction or correlation.

Both theories are formally limited, by the boundary-
layer assumptions, to small approaches to equilibrium of
the phases. In practice, this limitation can be moderated
by the insertion of bulk conditions T; and w,ap in place of
the initial conditions used here for defining transfer coeffi-
cients. This adjustment alone will not suffice, however, for
thick boundary layers or large velocity gradients; for these
situations, a fuller analysis is needed.

The examples given here illustrate the importance of the
surface stretch effect, through which the spreading parts
of an interface are kept in proximity with fresh fluid. In
systems where no new surface elements enter, as in exam-
ples 1, 2, 3, and 4, this effect is particularly important, and
the penetration and surface-renewal models cannot be
made to fit unless fictitious exposure times are used. The
present theory explains these systems reasonably well, as
confirmed by experiments (14, 16, 18, 20, 21, 37, 39)
and is therefore to be preferred.

Better information is needed on the motions of free
interfaces. Further applications of the theory will largely
depend on the availability of such information. A particu-
Jarly interesting possibility is the improvement of aeration
rates in rivers, for which surface deformation is a decisive
factor (19).

Applications of the present theory to falling films have
been started (3), and extensions to variable-property sys-
tems are in progress.
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NOTATION
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Rs(l) =

RA: RB =

fa, 'p =

interfacial area per unit volume of system
stoichiometric coefficients of species A and B
in the diffusion controlled reaction problem

[n e Vv]|,=¢, normal component of velocity
gradient at interface

y component of B

= magnitude of tangential projection of B

specific heat at constant pressure

= dimensionless mass transfer rate defined in

Equation (30)

molar density of mixture, (moles L—3)
concentrations of species, (moles L~%)

binary diffusivity, (L%~1)

\/g (u, w, y, t), function defined in Equation (2)

= partial molar enthalpy of species i

Hatta number, defined in Equation (68)
heat transfer coefficient evaluated at ¢r = 0

= heat transfer coefficient evaluated at actual ¢r

diffusion flux of species i relative to mass aver-
age velocity, (ML~-2%t~1)

nag — wao(Nao + npo), diffusion flux of species
A in y direction at the interface

Nao — wa.{Nag + npo), modified diffusion flux
of species A in y direction at the interface
thermal conductivity

rate constant for disappearance of species A by
homogeneous first-order reaction, (t71!)

mass transfer coefficient evaluated at ¢, = 0,
(moles L—2t71)

mass transfer coefficient evaluated at actual ¢,
(moles L—2t~1)

characteristic length in Equation (104)

length of laminar liquid jet, measured along a
surface streamline

total length of streamline u, from its entrance
into transfer region

distance along streamline u, from its entrance
into transfer region

molecular weight of species i

Reynolds number

Sherwood number at small net mass transfer
rates, defined in Equation (108)

Weber number

ciotio, molar flux of species i into the given phase
at the interface

NioM;, mass flux of species i into the given phase
at the interface

n{u, w,t), unit vector normal to interface at
(u, w, t), pointing into the given phase
quantities proportional to the second and higher
powers of y

conductive heat flux in the y direction at the
interface

radius of bubble, (examples 1 and 2), mass
transfer zone, (example 3)

local radius of laminar jet or other surface of
revolution, (example 4)

molar rates of production of species A and B by
homogeneous chemical reaction, (moles L—3¢t—1)
radial coordinate in cylindrical or spherical co-
ordinates

mass rates of production of species A and B by
homogeneous chemical reaction, (ML—3~1)

Ry, R;, R, = flux ratios. [see Equation (38) and Tables
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1 and 2]

R(u, w, t), interfacial region of interest
position vector, (see Figure 2)

position vector of a surface element

S{#), instantaneous area of region R
instantaneous boundary surface of domain D,
(Appendix A)

vector of magnitude dSp, directed normally out-
ward from Sp

s(u, w, t), area function given in Equations (4)
and (5)

source terms to be added to Equation (8) to ob-
tain the energy equation for mixtures, (Equa-
tion F, p. 562, reference 22)

temperature

temperature aty = 0

mean value of Ty for the net material being
transferred to the given phase at R

temperature at y >> 8y

time

v°t/L, dimensionless time in example 6

time of arrival of given interfacial element at
a reference point in externally steady motion
= time when diffusion or heat transfer begins
alongside surface element, (u, w)

dummy variables of integration

imbedded coordinates of nearest surface element
mass average velocity of fluid relative to ex-
ternal coordinates

Vi(u, w, ), velocity of surface element (u, w)
at time ¢, relative to external coordinates
magnitude of V,

maximum surface velocity in examples 2 and 5
volume element in Equation (2) and Figure 1
volume element in Equation (53), large com-
pared with boundary-layer dimensions

velocity of species ¢ relative to coordinates
u,w,y

Siwiv;, mass average velocity of fluid relative to
coordinates u, w, y

S;x;vi;, molar average velocity of fluid relative to
coordinates u, w, y

y component of v; at y = 0

y component of v aty = 0

y component of v* aty = 0

= characteristic velocity in Equation (104)

= root-mean-square fluctuation of surface velocity

in x direction, measured by a stationary observer
molar transfer rate of species i into the given
phase

WioM;, mass transfer rate of species i into the
given phase

rectangular coordinates on surface of large eddy
mole fraction of species i

mole fraction of species i at y = 0

mole fraction of species i at y >> 8,

distance from nearest interfacial element

local depth of zone occupied by A in absorption
with diffusion controlled reaction (see Figure 5)
dummy variable of integration

Greek Letters

s 3 =

Y

ST: 81, sm

k/p 61,, thermal diffusivity

Vs/lin example 3

= characteristic boundary-layer thicknesses, [see
Equation (31) and Table 2]

77, N2> N = dimensionless boundary-layer coordinates, [see
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Equation (32) and Table 2]. For definitions in
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Equations (79) and (80), see text.
fr, 8., 0, = correction factors for rapid mass transfer, (see
Tables 1 and 2)

6 = angle in cylindrical and spherical coordinates,
(examples 1, 2, 3, 4)
A = eddy width in example 5

Iy, M, I, = dimensionless profiles of temperature and
composition, [see Equation (24) and Table 2]

'(0) = di/dn|y=o, dimensionless gradient of tempera-
ture or composition at interface [see Equation
(35) and Table 1]

= mass density, (ML~3)

&1, ¢z, do = dimensionless material fluxes, [see Equation
(39) and Tables 1 and 2]

¢ = azimuthal angle in spherical coordinates, (ex-
amples 1 and 2)

¢

52(u, w, ¥ )d¥’, modified time coordinate

T = tolu,w)

T = ys(u, w, t), modified y coordinate
w; = mass fraction of species i

wio = mass fraction of species i at y = 0
©io = mass fraction of speciesiaty >> 3§,

Mathematical Operations

D/Dt = (8/dt) + (Ve V)
= (8/0t) yuwy + (ve V)

2 x
eff x = —— e % dz

Va
effcx = 1—erfx
exp x = e
T(x) = fo e~ % z*~!dz = gamma function of x
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APPENDIX A

Equation (7) may be derived as follows. Consider a closed
domain D(u, w, y) and integrate Equation (6) over the sur-
face of D:

f f(V'dSD)=J‘ f(v'dsb)
SD Sp
() ) w

Now, the integrand of the last term is the velocity of the
boundary element dSp; hence, the integral is the rate of change
of the volume of D. This term may be rewritten with the aid

of Equation (2):
d -
) . dSD) == \/g dudwdy
Yy di D

§oS((
- fof aa\:gdudwdy (A2)

The second equality is obtained by Leibnitz’ rule, noting that
the limits of u, w, and y here are constant. Making this substi-
tution in Equation (Al), and using Gauss’ theorem, one obtains

f.’;f (V - V) /g dudwdy
=ffn f (V - v) \/g dudwdy

—]—f fD f a\t/g_ dudwdy (A3)

or
ot

Uu,W,

d
or
f.&f[(VV)—(v-v)_iz_af]
VEdudwdy =0 (Ad)

Since the choice of the region D is arbitrary, the integrand
must be zero everywhere. This gives Equation (7)
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